
AIAA JOURNAL
Vol. 35, No. 12, December 1997

Prediction of Active Control of Subsonic Centrifugal
Compressor Rotating Stall

P. B. Lawless¤ and S. Fleeter†

Purdue University, West Lafayette, Indiana 47907

A mathematical model is developed to predict the suppression of rotating stall in a centrifugal compressor with
a vaned diffuser. This model is based on the employment of a control vortical waveform generated upstream of the
impeller inlet to damp weak potential disturbances that are the early stages of rotating stall. The control system
is analyzed by matching the perturbation pressure in the compressor inlet and exit � ow� elds with a model for the
unsteady behavior of the compressor. The model was effective at predicting the stalling behavior of the Purdue
Low-Speed Centrifugal Compressor for two distinctly different stall patterns. Predictions made for the effect of a
controlled inlet vorticity wave on the stability of the compressor show that, for minimumcontrol wave magnitudes,
on the order of the total inlet disturbance magnitude, signi� cant damping of the instability can be achieved. For
control wave amplitudes of suf� cient amplitude, the control phase angle appears to be the most important factor
in maintaining a stable condition in the compressor.

Nomenclature
a = acoustic speed
a0 = dimensionless acoustic speed ( Na=U )
Bn; Cn = complex constants
D = diffusion factor
QD = linearized substantial derivative
i =

p
¡1

i = unit vector, relative frame
j = unit vector, absolute frame
k = reduced propagation frequency
L = propagation parameter; Eq. (32)
M = Mach number
n = spatial wave number
p = pressure
q = dynamic pressure
R = mean inlet radius
s = � ow path distance, absolute frame
s¤ = � ow path distance, relative frame
t = time
U = wheel speed at mean inlet radius
V = absolute velocity
W = relative velocity
w = speci� c work
Z = complex control gain
z = axial coordinate
® = direction cosine
° = speci� c heat ratio
´c = isentropic ef� ciency
µ = tangential coordinate
·; ¸ = separation constant
» = phase lag angle
½ = density
8 = disturbance velocity potential
Á = inlet � ow coef� cient
Ã = pressure rise coef� cient
! = frequency

Subscripts and Superscripts

asy = asymmetric
D = diffuser
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e = exit
I = impeller
i = inlet
m = mean path
p = potential component
t = total property
u = unsteady
v = vortical component
NX = time mean value
X 0 = perturbationvalue
¤ = impeller relative

Introduction

T HE operating range of a turbomachinery compressor is
bounded by the surge and choke lines on the system perfor-

mance map. The barrier posed by the surge line is of particular
interest due to its proximity to the maximum ef� ciency point of the
compressor. Current practice in turbomachinery design is to plan
the operatingpoints for the machine in a region far enough removed
from the surge line so as to prevent the onset of instability.

The surge line separates the regions of stable and unstable com-
pressor operation. The term surge line is somewhat misleading be-
cause surge is only one of the possible phenomena that result when
this boundary is reached. In general, the types of instabilities found
in turbomachinescan be categorizedas surge or rotating stall. Surge
takes the formof a global,circumferentiallysymmetricoscillationof
the mass � ow through the compression system. Surge is considered
to be a phenomenon of the entire compression system, consisting
of the compressor and the system into which it discharges.Rotating
stall, in contrast, is an instability local to the compressor itself and
is characterizedby a circumferentiallynonuniformmass de� cit that
propagates around the compressor annulus at a fraction of wheel
speed.

There are numerous disadvantages for allowing a compressor to
enter rotating stall. Not only is the performance of the compressor
severelydegradedin stall,but rotatingstallmay introducedangerous
unsteadyaerodynamicexcitation to impeller and diffuser vanes.For
these reasons, attempts to increase the stable operating range of
compressors have long been an area of vigorous research activity.

There are, at the minimum, two views of the triggering phenom-
ena for a rotating stall condition in a compression system. The view
of rotating stall as the growth and propagation of a � nite separa-
tion zone has been supported by researchers such as Day,1 who has
observed such behavior in a low-speed axial compressor. Another
theory on the evolutionof rotating stall explains the phenomenonas
the culminationof a process that begins with selectiveampli� cation
of initiallyweak spatialharmonic waves in the compressionsystem.
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Investigations by McDougall et al.2 and by Garnier et al.3 provide
evidence of such a rotating stall pathology in axial compressors. It
appears that, for axial compressors, both mechanisms can play a
role in the stall initiation process.

Rotating stall behavior for centrifugal compressors is less well
understoodthan that for their axial counterparts.This is, in part, due
to the variety of rotating stall conditions found in this type of com-
pressor,with stall cell number, propagationspeed, and growth rates
observed to change with modi� cations in compressor geometry.4

The possibility that the weak spatial waves seen as precursors to
rotating stall in axial compressorsmay also play a role in the initia-
tion of rotating stall in centrifugal machines has been suggested by
analyses such as that of Moore,5 which predicted the occurrenceof
waves of similar mode shape and wave speed as those observed in
� nite rotating stall patterns. More recently, experiments conducted
by the present authors on a low-speed centrifugal compressor at
Purdue University have shown that the stall process in that com-
pressor is characterizedby an initially weak, spatially coherentdis-
turbancethat developsover a � nite periodof time into a rotatingstall
condition.6

Because of the promise of achieving increased stall margin, ac-
tive stall control schemes have recentlybecomean area of increased
researchactivity.An analysisby Epstein et al.7 investigatedthe con-
cept that an axial compressionsystem couldhave its operatingrange
extended by the introductionof a controlled inlet distortion, which
would damp the weak precursors of a rotating stall condition. Such
a system has sincebeendemonstratedto be an effectiverangeexten-
sion technique on a low-speed axial compressor by Paduano et al.8

An earlier work by the present authors9 concerned the develop-
ment of a mathematical model to investigate the effectiveness of a
control system for a centrifugal compressor similar in operation to
that proposedby Epstein et al.7 and demonstratedby Paduano et al.8

for an axial compressor. In that model, the effectivenessof a phased
vorticity wave introduced into the inlet of a centrifugal compressor
in extending the stable operating range was investigated.9 A basic
assumption in that analysiswas that, in its early stages, rotating stall
is well represented as a weak disturbance that grows in a region of
preferential ampli� cation on the performancemap into a � nite stall
condition.

This paper is directed at extending the model of Ref. 9 to allow
the relaxation of two key assumptions made in the analysis. The
� rst, that of incompressible � ow, is replaced by a less restrictive
assumption of subsonic compressible � ow in the current model.
The second related assumption made in the initial analysis was that
of in� nite propagation speed for the control waveform. The current
effort is directed at allowing for � nite propagation speed through
the compressor and determining the result such a spatial time lag
will have on the effectivenessof the control.

In addition, the model is applied to a low-speed centrifugal com-
pressor with a radial vaned diffuser to predict the stall point. The
results of this analysisare comparedwith spatialdomain stall initia-
tion data recently taken in an experimental investigationof rotating
stall initiation in this facility.

Mathematical Model
Centrifugal Compressor

A sketchof theassumedcentrifugalcompressorgeometryis given
in Fig. 1. This geometry is based on the Purdue Low-Speed Cen-
trifugal Compressor Facility at Purdue University. Air is taken in
axially through the inlet at position 1 and � ows along the duct past
an array of vorticity generators at position 2. The � ow then enters
the compressor rotor at position 3 (z D 0) and proceeds through
the shrouded impeller, exiting into the vaneless space at position 4.
From here the � ow enters a series of vanes, exiting at an assumed
constant � ow angle and proceeding along a logarithmic spiral path
to the exit plenum at position 5.

The pressure rise characteristic NÃ. NÁ/ describes the behavior of
the compressor under an axisymmetric velocity perturbation that
enters in a quasisteady manner, as shown in Fig. 2. The portion of
the curve up to the stall point represents a map of steady operating
points that would be traversed by closing a downstream throttle. At
� ow rates below the stall point, the curve represents the pressure
rise that would exist in the absence of any instability.

Fig. 1 Centrifugal compressor geometry.

Fig. 2 Steady compressor pressure rise characteristic curves.

Inlet Flow� eld
Upstream Potential Precursor

The � ow in the intake annulusof the centrifugalcompressoris as-
sumed to be inviscid, two-dimensional,and subsonic. The unsteady
� ow is characterized by a small perturbation from the mean axial
velocity of magnitude NV . The irrotational component of the � ow
in the inlet is described via a disturbancepotential8, which decays
to zero far upstreamof the impeller inlet.The net inlet potential� ow
can then be represented as

V.z; µ; t/ D NV iz C r U .z; µ; t/ .1/

where U ! 0 as z ! ¡1.
The linear wave equation that governs this � ow is expressed as

QD2 U D Na2r2 U .2/

where QD D .@=@t/ C NV iz ¢ r .
A solution to Eq. (2) after applying the far-� eld boundary condi-

tions takes the form of

U D
1X

n D 0

Bn§U exp.§inµ/ exp.¨i!t/ exp[.j¸j ¨ i· NM/z=R] .3/

where Bn§ are complex conjugate constants, n is the spatial mode,
! is the frequency, and ¸ and · are separation constants that are
related to the frequency and wave number as follows:

n D
q

.1 ¡ NM2/.·2 C ¸2/; ! D · Na.1 ¡ NM2/

R
.4/

In this linear model, superpositionapplies and each harmonic can
be considered independently. In addition, by de� ning the perturba-
tion values as deviations from the mean, the n D 0 contribution to
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the summation is zero and is excluded from the following analysis.
For convenience,the summationsymbolwill henceforthbe dropped
and the constant Bn will representthe complex amplitudeof the � rst
half of the conjugatepair of solutions that representthe contribution
to U in Eq. (3).

The solution for the disturbance potential allows the axial and
circumferential velocity perturbations in the irrotational inlet � ow
to be expressed as

V 0
zp D .BnU f=R/ei!t e f .z=R/e¡i nµ ; V 0

µ p D ¡.in= f /V 0
zp .5/

where f ´ j¸j C i· NM for convenience.
The function f D f . NM ; ¸; ·/ is now recast as a function of

variables more suitable for the desired solution by noting the rela-
tionships of Eq. (4) and introducing the mean inlet � ow coef� cient
NÁ D NV =U and reduced frequency of propagationk D !R=U :

f . NÁ; n; k; a0/ D
a0

q
n2

¡
a2

0 ¡ NÁ2
¢

¡ k2 C ik NÁ

a2
0 ¡ NÁ2

.6/

where a0 D Na=U .
The static pressure perturbation in the inlet corresponding to the

potentialvelocityperturbationis describedby a linearizedBernoulli
equation

p0
i D ¡ N½i

QD U .7/

resulting in

p0
i D ¡ N½i V

0
zp[.i R!= f / C NV ] .8/

Control Vortical Waveform
Upstreamof the impeller inlet, the controlwaveform is generated

from the array of vorticity generators. The nature of the vortical
velocity perturbation is de� ned as simply convected and solenoidal
and, thus, does not interact with the static pressure perturbation in
the assumed two-dimensional � ow� eld of the inlet annulus.10 This
controlvelocityperturbationin the axial directionis assumed to be a
fractionof the potentialaxialvelocityperturbationat thecompressor
inlet face (z D 0). The form of this component can, therefore, be
expressed as

V 0
zv D .CnU f=R/ exp.¡inµ/ expfi![t ¡ .z= NV /]g .9/

where Cn is a complex constant and the subscript v denotes the
vortical nature of the perturbation.

The preceding relationship and the requirement that the velocity
perturbation be solenoidal results in the following expression for
the circumferential velocity perturbation:

V 0
µ v D ¡.k= NÁn/V 0

zv .10/

Total Pressure Perturbation
With the velocityand static pressuredisturbancesnow de� ned for

the inlet � ow� eld, the task of determining the inlet total pressure
perturbation is undertaken. The expression for the total pressure of
a perfect gas is

pt D pf1 C [.° ¡ 1/=2] NM2g.° =° ¡ 1/ .11/

The totaland static pressuresand Mach number arenow separated
into mean and perturbation quantities, and the binomial theorem
is employed to arrive at an expression for the perturbation total
pressure in the inlet:

p0
ti D M 0[° Np NM C .° =2/ Np NM 3 C ¢ ¢ ¢]

C p0[1 C .° =2/ NM 2 C .° =8/ NM4 C ¢ ¢ ¢]

C O.p0 M 0/ C O.M 02/ C ¢ ¢ ¢ (12)

The relationshipbetween the perturbationMach number and the
perturbationvelocity is expressed,under the assumptionof constant
total temperature in the inlet � ow, as (see the Appendix)

M 0 D .V 0=Na/
©
1 C [.° ¡ 1/=2]

¡ NÁ2
¯

a2
0

¢ª
.13/

Equation (13) is now used to transform Eq. (12) into a function
of the mean � ow coef� cient, the perturbationpressure, and the per-
turbation velocity in the inlet as

p0
ti D . Np° =Na/G1V 0 C G2 p0

i .14/

where

G1 ´
©
1 C [.° ¡ 1/=2]

¡ NÁ2
¯

a2
0

¢ª£
. NÁ=a0/ C 1

2
. NÁ=a0/3 C ¢ ¢ ¢

¤

and

G2 ´ 1 C .° =2/. NÁ=a0/2 C .° =8/. NÁ=a0/
4 C ¢ ¢ ¢

As mentioned,the time-averaged� ow in the inlet is axial.A mean
path inlet velocity is now introduced such that

Vmi D . NV C V 0
zi / jz C .V 0

µ i / jµ

giving the relations

NVmi D NVzi ; V 0
mi D V 0

zi C O.V 0V 0/ .15/

The expressions for potential and vortical velocity perturbations
at the compressor inlet can now be expressed as perturbation inlet
� ow coef� cients and be used to calculate the scaled total pressure
perturbation:

p0
ti = N½U 2 D a0G1Á0 ¡ G2[.ik= f / C NÁ].Á0 ¡ Á0

v / .16/

where

Á 0 D
µ

V 0
zp C V 0

zv

U

¶

i

; Á0
v D

µ
V 0

zv

U

¶

i

; Á0
p

µ
V 0

zp

U

¶

i

D Á0 ¡ Á0
v

Equation (16) is the required expression for the perturbation total
pressure expressed in terms of inlet � ow coef� cient and reduced
frequency of propagation.

Exit Boundary Condition
At the diffuser exit, the � ow enters a large plenum scroll of con-

stant static pressure at subsonic velocity. An abrupt expansion is
assumed, resulting in the loss of all remaining dynamic pressure.
The appropriate boundary condition at this point is an extinction
condition on the static pressure perturbation,

p0
e D 0 .17/

Unsteady Centrifugal Compressor Characteristic
The behavior of the centrifugal compressor under the in� uence

of a small unsteady inlet � ow distortion is modeled by introducing
a correction to the mean � ow pressure rise predicted by the com-
pressorcharacteristic.This new, unsteadycompressorcharacteristic
curve takes the form

Ã D NÃ C Ã 0 D
Npe ¡ Npti

N½i U 2
C

p0
e ¡ p0

ti

N½iU 2

As a � rst step in developingan expression for the unsteady char-
acteristic, Ã 0 is subdivided into the following terms:

Ã 0 D Ã 0
1 NV C

¡
1= N½i U

2
¢
.1p0

1w C 1p0
u;asy;I C 1p0

u;asy;D/ .18/

The � rst term of this expression represents the correction due to
the axial velocityperturbationneglectingany unsteady,asymmetric
effects and can be represented as an excursion along the steady
characteristic curve. If the change in � ow coef� cient is small, the
expression for the change in pressure coef� cient is given by

Ã 0
1 NV D @ NÃ

@ NÁ
Á0 .19/

The second term of Eq. (18) represents the pressurechange due to
a lossor gainofworkdoneon the � uidbecauseof thecircumferential
velocity perturbation in the inlet. This term is modeled as a small
inlet prewhirl, taking the form

1p0
1w D @1 Np

@ Nw
w0

where w0 D ¡V 0
µ i U .
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For a given mean � ow isentropic ef� ciency Ńc. NÁ/, the change in
the mean � ow static pressure across the compressor is given by

Np D Npti

"³
1 C

Ńc Nw
Cp

NTti

´.° =° ¡ 1/

¡ 1

#
¡ 1 Nq .20/

Equations (5) and (10) give the total circumferentialvelocityper-
turbation at the impeller inlet, resulting in an expression for the
perturbationwork:

w0 D U [.in= f /V 0
zp C .k= NÁn/V 0

zv] .21/

A diffusionfactor NDD je is de� ned such that the dynamic pressure
at the diffuser exit can be expressed in terms of the mean inlet
velocity and a compressibility factor:

NVe ´ NDD je
NV ; Nqe D Fc N½e. NDD je

NV /2 .22/

where the compressibility factor can be expressed as

Fc D
"

1 C
1

4

³
NDD je

NÁ
a0je

2́

C
1

40

³
NDD je

NÁ
a0je

4́

C ¢ ¢ ¢
#

After Eq. (20) is differentiatedwith respect to Nw, Eqs. (21) and (22)
are used to express the scaled pressure rise due to the work pertur-
bation in terms of the mean and perturbation inlet � ow coef� cients:

1p0
1w

N½i U 2
D Ńc

³
in

f
Á0

p C
k
NÁn

Á 0
v

"́

1 C 1
Npti

¡
Nqe C N½i U

2 NÃ
¢
#1=°

.23/

The last two terms in Eq. (20) represent the pressure rise due to un-
steady, asymmetric effects on the � uid in the impeller and diffuser,
respectively. The basis for these corrections is that the unsteady,
asymmetric pressure rise is balanced by the acceleration of � uid in
the compressor. It is recognized that, even when operating with an
axisymmetric � ow in the inlet, the separated � ow in the impeller
and jet wake mixing in the vaneless space result in asymmetric � ow
in the compressor. It is suggested here, however, that distortion oc-
curring in these regions would be on a scale of impeller blade or
diffuser vane spacing, whereas the perturbations of interest are of
circumferential scale. Hence, whereas the higher harmonic distor-
tions may be generated, the essential character of the lower-order
harmonic waves of interest here should be preserved. The pressure
correction for the impeller is considered � rst, followed by that of
the diffuser.

Impeller Correction
In a reference frame � xed to the impeller

1
½

r¤ pu;asy;I D
Wµ

r
@W
@µ¤ C @W

@t
.24/

where W is the relative � ow velocity and µ¤ D µ ¡ !I t is the
impeller-relativecircumferential coordinate.

The pressure difference across the impeller due to the distorted
� ow� eld is calculatedby integratingEq. (24). To facilitate this pro-
cess, an impeller relative mean � ow path and mean path velocity
are de� ned such that

Wm D Vr ir C Wµ iµ C Vz iz

im D cos ®1I ir C cos ®2 I iµ C cos ®3I iz

With the assumption that the mean � ow path is not altered by the
unsteady perturbations, Eq. (24) is linearized and integrated along
the mean path to givean expressionfor theunsteadypressurechange
across the impeller:

1p0

½

­­­­
u;asy;I

D ¡
Z

s¤

³ NWµ

r

@W 0
m

@t
C @W 0

m

@t

´
ds¤ .25/

To transformthis integral into a functionof theperturbationwave-
forms at the inlet, mean and perturbation relative diffusion factors

are de� ned, which relate the mean path velocity at the inlet with that
at some point downstream:

NWm.s¤/ D NDI
NWmi ; NW 0

m.s¤/ D D0
I W

0
mi

Substitution of these expressions into Eq. (25) gives

1p0

½

­­­­
u;asy;I

D ¡Wm
@W 0

m

@µ¤

­­­­
i

Z

s¤

cos®2I

R
NDI D0

I ds¤ ¡
@W 0

m

@t

­­­­
i

£
Z

s¤
D0

I ds¤ (26)

The derivatives of the mean � ow perturbations at the inlet are
related to the inlet axial � ow:

NWm
@W 0

m

@µ¤ D NV @V 0
z

@µ¤ ¡ U
@V 0

µ

@µ ¤ (27)

@W 0
m

@t
D P

@V 0
z

@t
¡ U

@V 0
µ

@t
(28)

where

P ´
NV
NWm

D
NÁp

NÁ2 C 1
; S ´

U
NWm

D 1p
NÁ2 C 1

These expression are substituted into Eq. (26), along with the
velocity relationshipsgiven by Eqs. (5), (9), and (10). The resulting
equation,after transformingback to a � xed coordinatesystem,gives
rise to the � nal expression for the unsteady, asymmetric pressure
correction for the impeller:

1p0

N½i U 2

­­­­
u;asy;I

D ¡02 I

"
in

f

@Á0
p

@µ
C

k
NÁn

@Á0
v

@µ
C NÁ

@Á0

@µ

#

¡
R01 I

U

"
P

@Á0

@t
C S

³
in

f

@Á0
p

@t
C

k
NÁn

@Á 0
v

@t

#́

¡ 01I

"
P

@Á 0

@µ
C S

³
in

f

@Á 0
p

@µ
C

k
NÁn

@Á0
v

@µ

#́
(29)

where

01I D 1
R

Z

s¤

N½.s¤/

N½i
D0

I ds

and

02I D
Z

s¤

cos ®2I

r

N½.s¤/

N½i
D 0

I
NDI ds¤

Diffuser Correction
Proceeding in a similar manner for the diffuser, a mean velocity

and � ow path are de� ned in the stationary reference frame as

Vm D Vr jr C Vµ jµ C Vz jz

jm D cos ®1D jr C cos ®2D jµ C cos ®3D jz

Diffusion factors in the � xed reference frame are de� ned such
that

NVm .s¤/ D NDD
NVi ; V 0

m.s¤/ D D0
D V 0

zi

Thus, the pressure correction for the diffuser becomes

1p0

N½i U 2

­­­­
u;asy;D

D ¡02D
NÁ
@Á 0

@µ
¡

R01D

U

@Á 0

@t
.30/

where

01D D 1
R

Z

s¤

N½.s/

N½i
D 0

D ds

and

02D D
Z

s¤

cos®2D

r

N½.s/

N½i
D 0

D
NDD ds
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Model for the Perturbation Diffusion Factors
The 0 parameters introduced in the preceding equation serve

as weighting factors for the local and convective acceleration of
the � uid in the impeller and diffuser. As expressed, they can be
estimated from the steady diffusion and � ow path of the � uid and
the diffusion the unsteady perturbation experiences.

The perturbation diffusion factors D0
I and D0

D represent the
change in the perturbationwaveform as it passes through the com-
pressor.For a potentialdisturbancein an incompressible� ow, under
the assumption of a constant mean � ow path, the perturbation dif-
fusion factors can be shown from continuity arguments to equal the
steady values ND D D0. For a compressible � ow, this relationship
is no longer valid due to the in� uence of the density perturbation.
In the absence of more detailed knowledge about the � ow in the
compressor,however, the assumption that the magnitude of the per-
turbation diffusion factor is equal to the steady value will be made.
To account for � nite propagation speeds for the disturbance, the
perturbation diffusion factor is expressed as a complex quantity to
account for a phase difference in the waveform between the inlet
and a point in the � ow path, taking the form

D0 D NDei » .31/

The phase lag will be a function of the wave propagation speed
through the � ow path. The simplest assumption would be that the
vortical nature of the perturbation waveform is lost at the inlet of
the compressor and the disturbance propagates at an in� nite speed
through an incompressible medium, and this was the assumption
used for the earlier analysis of Ref. 9. If these assumptions are not
made, two limiting cases present themselves. For a vorticity wave,
the � rst is that the linear vortical nature of the velocity perturbation
in the inlet is preserved and the wave convects with the mean � ow
velocity.For a potentialdisturbance,the second limiting case is that
the wave propagatesacousticallyfrom the sourceof the disturbance.

To provide a quantitative expression of the preceding cases, the
form of the phase lag for a simply convectedvorticity wave, for the
� xed reference frame, will be taken as

»vD D ¡Lv

!SvD.s/

NV .s/
.32/

and, for the relative reference frame, as

»v I D ¡Lv

.! ¡ n!I /Sv I .s¤/

NW .s¤/
.33/

where Sv is the convection path length in the respective reference
frame and Lv is a free parameter such that for Lv D 1 the wave is
simply convected and for Lv D 0 the wave propagates at in� nite
speed.

In a similar manner the potential phase lags can be expressed for
the � xed frame:

»pD D ¡L p
!SpD.s/

Na § NV .s/
.34/

and for the impeller relative frame:

»p I D ¡L p
.! ¡ n!I /Sp I .s¤/

Na § NW .s¤/
.35/

where in this case the distance Sp refers to the distance from the
source of the potential disturbance.

Neutral Stability Condition
The unsteady, asymmetric compressor characteristic comprises

the terms described in Eqs. (19), (23), (29), and (30). For a given
compressorgeometry and steady � ow performance speci� ed by the
characteristic and ef� ciency relationships, this unsteady character-
istic takes the form

Ã 0 D Ã 0. NÁ; k; Á0
v ; Á 0/

This unsteady, asymmetric compressor characteristic is used to
match the inlet totalpressureperturbationdescribedbyEq. (16)with
the exit static pressure boundary condition of Eq. (17), resulting in

Ã 0 ´ a0G1Á0 ¡ G2[.ik= f / C NÁ].Á0 ¡ Á0
v / .36/

Equation (36) expresses the conditionrequired for a neutrally stable
potentialwave to exist in the inlet. If it is assumed that the compres-
sor, over a portion of the characteristic, had been capable of stable
operation, then the point at which Eq. (36) is satis� ed will mark
the point of transition from negative to positive growth rates and,
consequently, the stability boundary for a particular wave.

Control Effectiveness
For a simple control system, a correctivewaveformof purely vor-

tical nature is introduced into the compressor inlet at a phase and
magnitude referenced to the total (potential plus vortical) distur-
bance waveform measured at the inlet. To facilitate this, a complex
quantity Z is de� ned such that

Z D Á0
v=Á 0 D jZ jei¯

This parameter is the complex control gain for a measured total
perturbation at the inlet and vortical waveform controller response.
It is useful to express the net perturbation in the inlet in terms of a
complex amplitude A:

Á0 D Ae¡inµ ei!t ; Á0
v D Z Ae¡inµ ei!t

Á0
v D Á0 ¡ Á0

p D .A ¡ Z A/Ae¡inµ ei!t

When these expressions are substituted into Eq. (36) and the ex-
ponentialterms factoredout, the � nal expressionfor the compressor
stability boundary is obtained:
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Equation (37) can be solved to determine the mean � ow coef-
� cient and reduced frequency of propagation at which a neutrally
stable wave can exist in the inlet as a function of control magnitude
and phase angle. The values of the � ow coef� cient thus determined
can then be compared to that for the case where no control wave-
form is introduced to provide an indication of the effectiveness of
the control.

Results and Discussion
The model represented by Eq. (37) was applied to the geometry

of the Purdue Low-Speed Centrifugal Compressor (PLCC) facility
describedearlier.Recentexperimentsin this facilityhave focusedon
the detection of potential precursors to rotating stall and surge and,
as such, provide a useful testbed for evaluating the mathematical
model developed here.6

To apply the model to this compressor geometry, the steady, axi-
symmetric pressure characteristic and ef� ciency curves were es-
timated by � tting cubic polynomials to experimental prestall data
obtained in the facility. The shapes of the curves beyond the stall
point of the compressor are assumed to be a smooth extension of
these curves. The four integral 0 parameters were calculated by
numerical integrationof diffusionfactorsand directioncosines esti-
mated from � ow areas and assumed � ow paths through the impeller
and diffuser sections.

Stall Initiation Prediction
The two cases that were selected for analysiswith this mathemat-

ical model exhibit two distinctly different rotating stall pathologies,
one resulting in a three-cell stall pattern and the other resulting in a
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one-cell pattern.Both patterns are fast waves, traveling in excess of
75% of rotor speed. The pressure characteristics for the two cases
are shown in Fig. 2.

The � rst con� guration, case 1, consisted of 30 diffuser vanes
with a stagger angle of 70 deg from the radial. In this con� guration,
the compressor enters a three-cell rotating stall pattern shortly after
passingthe peakof the pressurerise in the compressor.Results from
the stall initiationexperiments for this case are shown in Fig. 3. Fig-
ure 3 shows the magnitudes of the spatial Fourier transform from
eight simultaneouslysampled microphonesin the o.d. endwall near
the impeller inlet. The signals were numerically bandpass � ltered
to a 20-Hz band around the expected stall frequency, and then the
spatial Fourier transform was performed. Analysis of these data
showed that the waves presented in Fig. 3 are fundamentalharmon-
ics of independentmodes rather than second or third harmonics of
an impulsive stall cell. The arrows on the plots indicate the point at
which the spatialwaves are believedto enter a zoneof ampli� cation.
The locationof thispoint is basedon the increasein magnitudeof the
given mode, as shown, and also an adjustment in phase propagation
speed to that of the expected stall cell frequency. Note that the ex-
citation of the � rst spatial mode in this plot is a one-per-revolution,
machine-order pressure wave to the left of the indicated point. To
the right of that point, the phase speed has changed to the � nal stall
frequency of 24 Hz. Similar behavior is seen for the other modes.
Detailed analyses of these data are presented in Ref. 6.

The predictions from the mathematical model for the stall point
as compared to those determined experimentally are shown on an
enlarged section of the pressure characteristic in Fig. 4. The model
predicts the stall point somewhat earlier on the characteristic than
the data indicate. It successfully predicts, however, that the higher
modes arise � rst. In fact, the model predicts that modes higher than
n D 3 will be ampli� ed before that mode. Experimental data taken

Fig. 3 Case 1, wave magnitudes for the � rst three spatialmodes during
stall.

Fig. 4 Case 1, predicted and observed stall points.

in the diffuser section of the compressor indicate that these higher
modes, indeed,may be excitedlong beforethe main stallmodedom-
inates the � ow� eld.The resultsshown from the mathematicalmodel
were obtained using 0 factors that were adjusted by decreasing the
estimated diffusion factors in the impeller and diffuser sections by
4%. Initially, the third spatial mode became unstable at a � ow coef-
� cient Á D 0:31, followed by the second and � rst modes. Reducing
the diffusionfactors slightlymoved the stall point for the thirdmode
to Á D 0:29, as shown in Fig. 4. Although further numerical exper-
imentation with the values of the 0 parameters was performed, the
adjusted values did not produce results signi� cantly better than the
initial 4% correction to the diffusion factors.

The second compressor con� guration investigated, case 2, uti-
lized 15 diffuser vanes set, as in case 1, to a stagger angle of 70 deg
from the radial. With the exceptionof adjusting the diffuser ND value
to re� ect the increase in � ow area, the same procedurewas followed
in calculatingthe 0 parametersas earlier employed. In this case, ex-
perimental results (Fig. 5) show an n D 1 rotating pattern arising
� rst and eventually dominating the � ow� eld. An n D 2 pattern is
observed to arise soon after the phase speed adjustment in the n D 1
pattern. No n D 3 pattern is observed in these experiments.

The predictions from the model for this case are especially en-
couraging. The model correctly predicts the n D 1 wave arising
before the n D 2 wave. No zone of ampli� cation is predicted for
n D 3 or higher waves. The comparison between observed and
predicted stall points is shown in Fig. 6.

For both case 1 and case 2, the phase speed of the pattern is
underpredictedby the model. The wave speeds predicted for case 1
are on the orderof 50% of rotor speed, and those for case 2 are on the
orderof 30% of rotorspeed.This comparespoorlywith the observed
propagation speeds in the PLCC facility of 80–90% of rotor speed.
Nevertheless, the close spacing of the propagation speeds for the

Fig. 5 Case 2, wavemagnitudes for the � rst three spatial modes during
stall.

Fig. 6 Case 2, predicted and observed stall points.
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various modes in a given con� guration is reproducedby the model.
Although full parametric studies have not been completed on the
effect of the 0 parameters, it has been found that the wave speed is
sensitive to the ratio of 01D to 02D .

The results for the prediction of the stalling point of the com-
pressor provide assurance that the assumed parameters used in
the model were of proper order of magnitude. These parameters
were then used to investigate the effect that a control waveform
would have on the ampli� cation zones in the compressor operating
range.

Control Effectiveness
With the introduction of the control vorticity wave in the inlet,

the damping in the compression system changes and, therefore, the
point on the characteristic at which a weak spatial pressure distur-
bance is ampli� ed shifts.The followingresultspresent the change in
the locationof this stall point for a given spatial harmonic under the
in� uence of the control waveform. The complex control gain mag-
nitude and phase angle are plotted vs the percent change in the � ow
coef� cient at neutral stability from the value when no control wave-
form is present. Positive values of 1 NÁ% indicate a destabilization
of the wave; negative values represent favorable stall suppression.

Results for the geometry of case 1 are shown in Figs. 7–9. In all
of the cases, it is assumed that there is no potentialphase lead or lag
between the inlet and exit (L p D 0). This assumption is consistent
with a potential source near the vaneless space of the compressor.

Figures 7 and 8 present the effect of the control waveform if the
vortical nature of the wave is preserved throughout the compressor
� owpath (Lv D 1). Figure 7 shows the results for the n D 3 pri-
mary stall mode. Optimum phase angles for the control are centered
around 225 deg. For control gain magnitudesgreater than 6%, there
is a rapid fall-off to stall suppressionsgreater that 50% of the orig-
inal stall point. It is clear from this plot that the critical parameter
for optimum effectiveness is the control phase angle. Destabilizing
action from the control wave occurs if the phase angle is outside the
optimum zone.

Figure 8 shows a similar plot for the n D 2 secondary mode for
case 1. The control is less effective for a given wave magnitude
than with the preceding n D 3 mode. The sharp transition to large
stabilizingvalues is just beginningat a gain magnitudeof 10%. The
optimum control phase angle in this case is closer to 180 deg.

Fig. 7 Case 1, n = 3 wave and Lv = 1.

Fig. 8 Case 1, n = 2 wave and Lv = 1.

Fig. 9 Case 1, n = 3 wave and Lv = 0.

Fig. 10 Case 2, n = 1 wave and Lv = 1.

Fig. 11 Case 2, n = 2 wave and Lv = 1.

Fig. 12 Case 2, n = 1 wave and Lv = 0.

Figure 9 shows results for the n D 3 wave already considered
in Fig. 7 with Lv D 1. In Fig. 9, however, the assumption is made
that the vortical nature of the control waveform is lost at the inlet
and the control waveform at the impeller face is in phase with that
at the exit (Lv D 0). A comparison of Figs. 7 and 9 shows that the
change in the lag parameter makes a profound difference in the
results, with the control effectiveness substantiallyreduced and the
optimum phase angle shifted to approximately 290 deg.

The results for case 2 are shown in Figs. 10–12. As with the
earlier case, Figs. 10 and 11 assume a lag parameter of Lv D 1, and
Fig. 10 shows the results for the primary n D 1 wave. This wave
is signi� cantly less responsive to the control waveform than the
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Fig. 13 Case 2, n = 1 wave and Lv = 1.

precedingcases,with a maximumcontroleffectivenessof only ¡7%
for the 10% gain magnitude level. The optimum phase angle for the
control is near 150 deg.

Figure 11 shows the results for the secondary,n D 2 pattern.This
case shows dramatically more response to the control, with sup-
pressionsgreater than 50% for control wave magnitudesof only 5%
of the total perturbation at the inlet. The optimum control phase is
approximately 180 deg.

Figure 12 presents the results for the primary n D 1 mode if a lag
parameter of zero is assumed (Lv D 0). Maximum control effec-
tiveness decreased slightly to 6%, and the optimum control phase
moved to 215 deg.

Figure 13 presents the same case as Fig. 11, the primary n D 1
mode with Lv D 1. In this plot, however, the control gain is ex-
tended to a value of 100%. This reveals that, although this mode is
more resistant to the control waveform action, realistically obtain-
able control gains eventually achieve results similar to the others
presented here.

Conclusions
The mathematical model developed by Lawless and Fleeter in

Ref. 9 for the suppressionof instabilitiesin a centrifugalcompressor
with a vaned diffuser has been extended to address the effects of
� nite waveform propagation speeds and subsonic compressibility
effects. This model is based on the employment of control vortical
waveform generated upstream of the impeller inlet to damp weak
potential disturbances that are the early stages of rotating stall. The
control system is analyzed by matching the perturbation pressure
in the compressor inlet and exit � ow� elds with a model for the
unsteady behavior of the compressor.

The model was effectiveat predicting the stalling behavior of the
PLCC for two distinctlydifferentstallpatterns.Predictionsmade for
the effect of a controlled inlet vorticity wave on the stability of the
compressorshow that for minimumcontrolwave magnitudes,on the
order of the total inlet disturbance magnitude, signi� cant damping
of the instability can be achieved. For control wave amplitudes of
suf� cient amplitude, the control phase angle appears to be the most
important factor in maintaininga stableconditionin the compressor.

The effect of introducing a lag to allow for the control wave to
be convected through the compressor � ow path in all cases was
bene� cial to the control effectiveness.The convectedwave assump-
tion also produced a shift in the phase angle for optimum control
effectiveness.

Appendix: Relationship Between Perturbation Velocity
and Perturbation Mach Number

Assume that the � ow variables can be represented by time-
averaged values and perturbationquantities such that

V D Ma ) NV C V 0 D . NM C M 0/. Na C a0/ .A1/

Ignoring terms of second order in the perturbationquantities gives

M 0 D .V 0=Na/ D NM.a0=Na/ .A2/

If the total temperature of the � ow is constant, then

Tt D T C
V 2

2Cp
) NTt D . NT C T 0/ C

NV C 2 NV V 0

2Cp
C O.V 0V 0/

T 0 D ¡
NV V 0

C p

(A3)

For a perfect gas,

a2 D °RT ) . Na C a0/2 D °R. NT C T 0/

a 0 D .° RT 0=2 Na/ (A4)

Using Eqs. (A2–A4), the required relationship is established:

M 0 D .V 0=Na/f1 C [.° ¡ 1/=2] NM 2g .A5/

Or, in terms of mean � ow coef� cient and scaled acoustic speed,

M 0 D .V 0=Na/
©
1 C [.° ¡ 1/=2]. NÁ=a0/

2
ª

.A6/
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